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Abstract-The propagation of transient waves in an elastic plate excited by an arbitrary loading is
investigated. Exact three-dimensional transform solutions are derived for a plate suddenly loaded on one of
its bounding surfaces, with the inversion effected by Cagniard's technique. The solution is based on three
canonical problems for finding the n-th reflected waves from only the information on the (n -I)-th reflected
waves. The technique automatically groups rays which arrive simultaneously at one point, thus simplifying
the computations needed by the ray tracing technique. A nonaxially symmetric sample loading is selected
for demonstrating the technique, and numerical results are presented. The Ray Grouping Technique can be
extended to the layered medium case.

INTRODUCTION

The propagation of transient waves in an elastic thick plate excited by an arbitrary loading is
considered here for a load which is suddenly applied on one of its bounding surfaces. The
disturbance is analyzed by using one-sided and two-sided Laplace transforms, and the inversion
scheme is based on the well-known Cagniard technique. The transform solution for these loads
is given in the form of an infinite series which is based on three canonical problems. A mode
conversion matrix is formed in each problem. The technique consists of finding the n-th
reflected and transmitted wave from only the information on the (n - l)-th reflected and
transmitted wave. The interpretation of the infinite series, which represents multi-reflected
shear and dilatational waves, is verified by a "Ray Grouping Technique", This technique
formulates the solution in transform space, and simplifies the calculation in spite of the
generality of the loading function. Using the mode conversion matrix, the physical meaning of
each term of the infinite series is discussed, and a proof of the convergence of the infinite series
is given.

A nonaxially symmetric sample loading is chosen for application of the technique, and only
a finite number of terms is required to determine the velocities for any particular finite time of
interest. The final expressions are used to deduce the Green's function for the velocity, and
numerical results are presented for a step function input. The three-dimensional sample
problem cannot be treated by computer codes which have been set up for either two
dimensional problems or axially symmetric problems [1, 3]; however, the problem appears to be
within the capabilities of Threedy [23].

In geophysical applications, the elastic layered medium is the most common model used in
the analytical investigation of Earth motion. For this model, most analytic solutions [4-9] have
been restricted to simple loadings, such as point, infinite line and axially symmetric loads, and
very few results [10, 11] have been obtained for finite loads. Since wave propagation in a plate
and in a layered medium are analogous [4, p. 281], the present solution may serve as a guide for
problems involving layered half-spaces acted upon by finite loads.

Previous analytic work on the transient solution of the elastic plate [12-15] has been largely
confined to the plane strain condition, simple loading functions, and the axially symmetric
conditions. For more general types of loading, Norwood [16] performed the theoretical analysis
for loads with finite characteristic dimensions on an elastic plate with plane strain condition,
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developing also the "Ray Grouping Technique", a simple and clear-cut technique to obtain
reflectivity and transmissibility coefficients. The present investigation is an extension of
Norwood's work into a fully three-dimensional analysis. Here, the main objective is to find the
most suitable analytical method for studying elastic wave propagation in a thick plate with
arbitrary loading conditions, and the present work will be extended to the general solution in
stratified media.

For the short time, the solution in an elastic plate is equivalent to that of the elastic
half-space. Based on this fact, the plate problem can be separated into three canonical
problems; each canonical problem is solved in transform space and written in matrix form.
Each solution yields a mode conversion matrix which generates the wave forms and guides the
direction of waves. The plate solution is found as a sum of solutions of these canonical
problems.t In the ray tracing method [7, 8, 9], one may find, for example, a term identified by
5P5P------P. Beginning from the left, this is a wave which started as a shear wave (5),
reflected as Q dilatational wave (P), reflected as a shear wave (5), and so on, and is currently a
dilatational wave (P). Suppose that, disregarding the last P, P appears m times and 5 appears n
times. Based on the ray tracing techniques, one needs to consider every possible ordering of the
P and 5 symbols, thus yielding (m + n)!/m!n! terms. Using the present techniques, all of these
terms appear as only one term, and therefore the present method is called the Ray Grouping
Technique. Obviously, the present development simplifies the analysis of the plate problem.
Moreover, since the technique and results presented here are quite general, their extension to
other problems, such as layered medium problems, may be accomplished quite readily.

PROBLEM STATEMENT AND SOLUTION TECHNIQUE

In a rectangular coordinate system, consider an elastic plate confined to 0:5 Z :5 h. An
arbitrary load is applied on the bounding surface z = 0, as shown in Fig. J.

The governing wave equations are

V· '" = o. (I)

The potentials cp and !/J are related to the displacements through

u= Vcp +Vx'" (2)

where CI and C2 are the wave speeds, PCI
2 = A + 211-, PC22 = 11-. A and 11- are the Lame constants.

ARBITRARY
LOAD

Fig. 1. Geometry of the general case.

tThe basic method was proposed in [24], and was rederived almost simultaneously in [14,16].
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and p is the material density. The stress-strain relations for this medium are
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(3)

where 8ij is the Kronecker delta. The initial conditions are taken as

cp(x, y, z, 0) == ~~.(x, y, z, 0) == "'(x, y, z, 0) == ~~ (x, y, z, 0) = 0

representing quiescence at t = O. The boundary conditions for the problem are

Tzz(X, y, 0, t) = IJ,g(x, y, t)H(t); TyAx, y, 0, t) = IJ,h(x, y, t)H(t)

Txz(X, y, 0, t) = lJ,i(x, y, t)H(t)
(4a)

where g(x, y, t), h(x, y, t) and i(x, y, t) are loading functions assumed to be Laplace trans
formable in all three variables. At Z == h, one imposes the conditions (although more general
boundary conditions could be specified):

TxAx, y, h, t) == TyAx, y, h, t) == Tzz(X, y, h, t) == o. (4b)

The potentials cp, '" and the space derivatives of the potential are required to vanish at
infinity; that is, they must satisfy the radiation condition.

II'm [cp(x, y, z, t), "'(x, y, z, t), etc.] = O.
Ixr.yl.-o

(5)

FORMAL SOLUTION

In view of the initial, boundary and radiation conditions, the appropriate transforms for the
problem are the one-sided and two-sided Laplace transforms defined respectively by the
equations

j(x, y, z, p) == !t(f) ==ioo

!(x, y, z, t) e-pt dt

1 fC

+
iOO

-!(x, y, z, t) == -2' !(x, y, z, p) ept dp
7TI c-;cr;

fLL(k, v, Z, p) == J~Jj(x, y, Z, p) eP(kx+vy)dx dy

j(x, y, Z, p) == (-2 p)22JiOO

-' JfLL(k, v, z, p) e-p(kx+vy) dk dv
7T -'<Xl-E

(6a)

(6b)

(7a)

(7b)

where p, k, and v are the Laplace transform parameters, and c is chosen to the right of any
singularity of f(x, y, z, p). In accordance with Lerch's theorem [18], it is sufficient to assume in
eqns (6) and (7) that p is a real positive number; for this guarantees the existence of a unique
inverse. In eqn (7b) "E" lies within the strip of convergence[17], so that the inversion path in
(7b) lies within the strip of convergence. By applying these transforms in sequence to (1), in
conjunction with the initial conditions, boundary conditions (4a) and radiation condition (5), one
finds the ordinary differential equations and their solutions

d2 -LL
cp = ... 2(k V);;,LL.---aT ·,1 , ... , (8)

~LL(k, v, z, p) = A(k, v, p) e - P1J l(/<' viz + A *(k, v, p) eP1J\(k. viz

i;JLL(k, v, Z, p) = B(k, v, p) e - P1J2(/<'v)% +B*(k, v, p) e P1J2(/<'v)z

(9a)

(9b)
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where T/j(k, v) = (a? - e- V2)1/2; aiCj = I, i = 1, 2 and Re T/j(k, v) 2: 0 and Re denotes the real part.
From eqns (9), there exist eight unknown coefficients to be determined from the boundary
conditions. To find these unknowns, one has to solve a system of eight equations by tedious and
complicated algebra.

The usual procedure of transform calculus will lead to a very difficult form for the inversion
process. However, in most applications, one is interested only in a few reflections; thus most of
the terms in these equations provide superfluous information. Based on the suggestion by
Mencher[19], and demonstrated in a plane strain problem by Norwood[16], one proceeds to
adopt the Ray Grouping Technique to analyze the present problem. This technique will provide
the terms required for the first few reflections in a more straightforward manner, and also
provide the total solution.

RAY GROUPING TECHNIQUE

The basic idea of this technique is to obtain the reflectivity and transmissibility coefficients
with a very simple procedure, and these coefficients, due to the effects of the plane interface,
will provide the information to analyze a bounded medium with an interface or layered medium.
The solution to the posed problem can be obtained in a wave expansion form by considering
three canonical problems, where each problem contributes a mode conversion matrix which will
guide the direction of rays and group them. The geometry of these canonical problems is the
three-dimensional analog of Fig. 2 in [16].

Canonical problem A
For this problem, one considers an elastic half-space to which the arbitrary loading function

is applied on the surface z = 0, as denoted by (4a), and the solutions needed from (9) must be
bounded for large z. Therefore, the solution for the half-plane is obtained by setting A*(k, v, p)
and B*(k, v, p) in eqn (9) equal to zero, and deleting the boundary conditions at y = h. By
defining H(k, v, p), I(k, v, p), and G(k, v, p) as the functions h(x, y, t), i(x, y, t), and g(x, y, t) in
transform space, and R(k, v) as the Rayleigh function R(k,v)=(a22-2e-2v2)2
+ 4T/I(k, v)T/2(k, v) . (k2+ v2), and by noting that the third of eqns (1) implies that

vBy(k, v, p) = - kBAk, v, p) - T/2(k, v)Bz(k, v, p),

it follows that the solution for the displacement potentials may be represented in matrix form
using a 3 by 3 matrix:

(10)

where

(

All A12 An)
A(k, v) = A 21 A 22 A 23

A 31 A32 0

(

H(k'V'P»)
J(k,v,p)= I(k,v,p)

G(k, v, p)

and

An = 2valT/22(k, v)

A 12 = 2kalT/l(k, v)

An = a/T/2(k, v)(a22- 2k2- 2v2)

A 21 = 4eT/l(k, v)T/2(k, v) +(al- 2k2)(a22- 2k2- 2v2)

A 22 = - 2kvT/2(k, V)[2T/l(k, v)T/2(k, v) - (a22- 2e - 2v2)]
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A 23 ::= - Za22VT/t(k, v)T/2(k, v)

A 31 ::= - kR(k, v)

An == vR(k, v)

:1( _ z) ~ (e-~'" o

o

:1e(- z) is the mode conversion matrix introduced by Norwood[I6) and extended to the
three-dimensional case.

Canonical problem B
In this problem, one considers an elastic half-space bounded below by the surface z::= h. An

incident wave, travelling from the interior to the surface z ::= h, is given by the potentials

ePjLL(k, v, z, p) == A(k, v, p) e -p1J,(k, v)z

,jijLL(k, v, z, p) == B(k, v, p) e -P1J2(k, v)z
(lla)

where the subscript i indicates the incident wave, and A(k, v, p), B(k, v, p) are some given
functions.

For this problem, one needs to determine the potentials of the reflected field based on a zero
stress boundary condition at the surface z == h. The reflected potentials are given by

eP/L(k, v, z, p) == C(k, v, p) eP"'l,(k, v)z

,jirLL(k, v, z, p) == D(k, v, p) eP1Jik, v)z
(lib)

where C(k, v, p), D(k, v, p) are to be determined.
The total potential field is the sum of the incoming incident potential field and the outgoing

reflective potential field, and is given as

ePLL(k, v, z, p) == A(k, v, p) e -p1J,(k, v)z +C(k, v, p) eP1Jt(k, v)z

,jiLL(k, v, z,p) == B(k, v,p) e-P1J2(k.v)z+ D(k, v,p) eP1J2(k,v)z.

The application of the boundary conditions (4b) leads to

(

~ LL(k ») ~ LL k )lPr , v, P i (, v, h, p)
~;/(k,v,p) ==:l(z-h)£!ip(k,v) tiitL(k,v,h,p)
1jJ;/(k, v, p) tiitL(k, v, h, p)

where

£!ill == - vS(k, v)

£!i l2 == 4(e + V
2)1'/2(k, v)(al- Ze - Zv2

)

£!i]3 == 4k1J22(k, v)(al- 2k 2
- 2v 2

)

£!i 2t == -4v 21'/t(k, v)(a/-2k2 -2v2)

£!i 22 == - vS(k, v)

£!i23::= 8kv1'/t(k, v)T/l(k, v)

g)l33::= vR(k, v)

(1Z)

(13)
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and :le(z - h) is the mode conversion matrix for this problem. rllp(k, v) represents the
reflectivity matrix at the surface z=h, and S(k,v)=(al-2P-2v2)2
- 4111(k, v)112(k, v)(p + v2

).

Canonical problem C
In this problem, a half space is given by z> b, with the free boundary at z = b. A group of

incident waves travelling from the interior upward to the surface is given in terms of the elastic
potentials and one must find the potentials of the reflected wave. By following the analysis in
the previous canonical problem, one obtains the potentials in the matrix form.

(14)

where

~N(k.") ~ "-'R'(~ ")(~;: ~: ;;;)

Rtl = - vS(k, v)

R12 = - 4(P +V2)112(k, v)(a22
- 2k2- 2v 2

)

R t3 = 4k1122(k, v)(a22
- 2P - 2v2)

R21 = 4V2111(k, v)(al- 2k2- 2v2)

R22 = vS(k, v)

R23 = - 8kv11l(k, v)11l(k,v)

R33 = vR(k, v),

rllN(k, v) represents a reflection matrix at the surface, z =b, and :Te(b - z) is the mode
conversion matrix for this problem. Note that rllN is the matrix inverse of rllp.

Application of the results
In the original formulation of the problem, there were eight unknowns which could be found

from the given six boundary conditions (4a) and (4b) and the divergence condition. The solution
from this system of eight equations would lead to the usual form as obtained by the regular
transform technique. This form is extremely difficult to invert, even in the two-dimensional
axially symmetric problem [13]. Based on the present technique, there are only four unknowns
to be determined in each canonical problem and they will lead to forms which can be inverted
exactly, requiring at most a convolution for an arbitrary time input.

Canonical problem A serves to begin the process of finding the various terms in the solution.
The results of the canonical problem A serve as the incident wave for the canonical problem B;
then the results of the canonical problem B serve as the incident wave for the canonical
problem C. The process is repeated by taking the results from problem C as the incident
disturbance for problem B. Symbolically, this process is represented by A -+ B -+ C -+ B -+ C -+

B-+ ..., where each preceding canonical problem's solution serves as the incident field for the
next canonical problem. By continuing this process indefinitely, the displacement potentials can
be generated.

Define TP(k, v, z, p) as the total displacement potential vector, and PM«k, v, z, p); n) as the
potential vector for the n-th reflection by

(

,pLL(k, v, z, p»)
PM«k, v, z, p); n) = tfrxLL(k, v, z, p)

tfr/L(k, v, z, p) n
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00

TP(k, v, Z, p) = L PM«k, v, z, p); n)
"=0
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(15)

where the first term (n = 1) is obtained directly from the canonical problem A and subsequent
terms are found recursively as will be indicated. Thus.

PM«k, v, z, p); 1) = [p zab'z(k, v)R(k, vWI ,w(- z)A(k, v)J(k, v). (15a)

The result for n = I is now used as the incident wave for canonical problem B, and the result
represents the second term of TP(k, v, z, p); that is,

PM«k, v, z, p); 2) = [pzalT/z(k, v)R(k, vWi ,w(z - h)~p(k, v),w(- h)A(k, v)J(k, v, p).

(15b)

The result for n = 2 now serves as the incident wave for canonical problem C, where b is set
equal to zero, and the result represents the third term of TP(k, v, z, p); that is,

PM«k, v, z, p); 3) = .rt'(0 - z)~N(k, v)PM«k, v, z, p); 2)

= [pzazzT/z(k, v)R(k, vWI.rt'(- z).Jl(k, v, h)A(k, v)J(k, v, p) (15c)

where .J.l(k, v, h) = ~N(k, v).rt'(- h)~p(k, v),w(- h) = (mjj)' .J.l(k, v, h) represents the 3 by 3
reflection matrix which effects the ray grouping and will be called the "Ray Grouping Matrix".
The elements of this matrix are given by

M(k, v) = R-1(k, v)[(al- 2e - 2v z)z - 4T/l(k, v)T/z(k, v)(e + vz»),

mll = MZ(k, v)Xz-[Mz(k, v)-I)YX

m12 = 4R-z(k, v)v-1T/z(k, v)(e + vZ)(al- 2kz- 2v z)S(k, v) Y(Y - X)

ml3 = 4R-z(k, v)v-IkT/zz(k, v)(al- 2e - 2vz)S(k, v) Y(Y - X)

mZl = 4R-z(k, v)vT/l(k, v)(al- 2kz- 2vz)S(k, v)X(Y - X)

mzz = MZ(k, v) y Z- [Mz(k, v) - I)XY

mZ3 = 16R-z(k, V)kT/l(k, v)T/zz(k, v)(al- 2e- 2v z)zT(X - Y)

m31 = m32=O

m33 = Y z

with X = e-p'I.(I<,v)h and Y = e-P'I2(k.v)h.

In general, the process is repeated whereby the expression for the (2n - I)-th term serves as
the incident wave for the canonical problem B, thereby producing the 2n-th term. Then the
2n-th term serves as the incident wave for the canonical problem C, thereby producing the
(2n + 1)-th term. This recursive process yields

PM«k, v, z, p); 2n + I) = [pzalT/z(k, v)R-I(k, v»).rt'(- z).J.l"(k, v, h)A(k, v)J(k, v, p) (16a)

PM«k, v, z, p); 2n +2) = [pZal(k, v)R-1(k, v»).rt'(z - h)

x ~p(k, v).rt'(- h).Jl"(k, v, h)A(k, v)J(k, v, p) (l6b)

n = 0, 1,2,3, ....

Using (16a) and (16b), eqn (15) can be rewritten as

SS Vol. 13, No. I2-D

TP(k, v, z,p) = [pzalT/z(k, v)R-1(k, v))
00

x {.rt'(- z) + .rt'(z - h)~p(k, v).rt'(- h)} L .Jl"(k, v, h)A(k, v)J(k, v, p).
"=0

(17)
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In eqn (17), the first term (n = 0) represents the waves arising from the impact loading and
also the waves that have reflected once from the surface z = h. In general, the summation index
n identifies the waves which have reflected n times from both bounding surfaces and also those
which have reflected n times from the surface z = 0 and n + 1 times from the surface z = h.
Consequently, eqn (17) contains all of the information required for the plate problem.

The convergence of the infinite matrix sum may be easily established by recalling that p has
been assumed to be a real positive parameter. Moreover, p may be selected greater than any
given number, this implies that X and Y may be made smaller than any given number. Since
the norm of the matrix .J,{ consists of products of X and Y with suitable coefficients, it follows
that this norm is bounded by one. Hence, by a simple application of the theory of linear
bounded operators,t it follows that the infinite matrix sum in (17) converges. In fact,

oc

L .J,{n = (I - .J,{r',
n=O

where I is the identity matrix and the right side of the equation is the matrix inverse of I-.J,{.

This process leads to the spectral representation of the solution which would have been
obtained by solving for the eight unknowns in eqn (9); but, as was argued in [16] for the
two-dimensional case, this representation cannot be readily inverted. Consequently, to deduce
an invertible representation, for n ;::: 3, one will express the powers of the matrix .J,{ in the form

(18)

which is obtained by the Cayley-Hamilton theorem. For n = 3,

a = 2XY +(X - y)2R(k, v)/S(k, v)

and (18) is then the characteristic equation for .J(, for the three-dimensional case.* For n > 3,
eqn (18) implies the recursive relations

from which the coefficients of eqn (18) may be found. Alternatively, since the recursive
relations may be combined into the form

the general value of these coefficients may be deduced by a simple application of the theory of
difference equations [21].

By the definition of TP(k, v, z, p), and eqn (17), the quantities iP LL, ~/L, and ~/L have been
deduced. The quantity ~/L may be deduced from the transform of the third of eqns (I) and is
given by

- LL (a~/L(k, v, z, p) - LL )/rfJy (k, v, z, p) = az pkrfJx (k, v, z, p) pv.

The transforms of the displacements and stresses follow from eqns (2), (3) (17) and (19).

(19)

tFor an elementary treatment of this theory see [20].
j:The two-dimensional results in [16] may be deduced from the present equations by assuming the load to be

independent of y and inverting the Laplace transform on y. For example, a will reduce to the a defined in (19) of [16].
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Sample problem
To effect the final inversion, the loading functions, H(k, v, p), I(k, v, p), and G(k, v, p) must

first be specified. Suppose, as an example, that a uniform normal load is suddenly applied, at
time t = 0, for 0:5 X, Y < 00 as shown in Fig. 4 of [10]. Then equation (4a) becomes

Tyz(X, y, 0, t) = TxAx, y, 0, t) =0

TzAx, y, 0, t) = JLg(x, y, t) =- JL5(t)H(x)H(y).
(20)

As was done in [10], this loading function is considered as the limit ~~O of the expression
- 5(t)H(x)H(y) e-€(x+ y >, where the limit will be taken at an appropriate step in the solution. The
application of the transforms to this expression gives

1 1
G(k,v,p)=--k1:'--1:'

p -!> vp-!>
-oo<Re(k, v)<{/p (21)

with the indicated strip of convergence. This means that E in eqn (7b) may be selected as zero.
To illustrate the form of the contributions, one now proceeds to find the velocities in the
interior of the plate. The details of the inversion of the two-sided Laplace transform on x and y
are similar to those in [10, 16], and therefore only an outline of these details will be given here.

From the expression for the velocities, one can find the most general term with exponent
- P[l1l(k, v)Wt + 112(k, V)W2]:

(22)

where fI*(k, v, 1) is the general form of this part of integrand, and w., W2 depend on z and h,
and are of the form [(h - z) + nh], where n is an integer. Equations (22) and (7b) lead to the
inversion integral

From the expression for the velocities, eqn (23) yields three distinct cases: (1) WI and W2 both
are nonzero; (2) W2 is identically zero, but Wt is not; (3) WI is identically zero, but W2 is not. The
evaluation of the velocities requires the analysis of these three cases. Fortunately, the inversion
details for cases (2) and (3) have already been outlined in [10], and one needs only to consider
case (1). For this case consider the successive transformations: (a) k* = - ik, v* = - iv, (b)
rk* = wx - qy, rv* = wy +qx, r2= x2+ y2, and (c) w = - iu. Under these transformations, eqn
(23) becomes.

-2 I'" Ii'" 07:(' 1) -pI d- _ r d ;:r - IU, q, e u
f(x,y,z,p)- i(21r)2 -00 q -;00 (ux-iqy-r~/p)(uy+iqx-r~/p)

where t is defined by

(24)

(25)

and fI is obtained from g;;* by the transformations. Referring to Fig. 5 of [10], the singularities
of the integrand in the u-plane are the branch points at ± (a12+q2)1/2, ± (al +q2)l/2, and the
simple poles u., U2, and ± (q2 + CR-2)1/2, where CR is the Rayleigh wave speed, and

Ut = (- iqx + rt/p)y, U2 = (iqy + r{/p)/x.

Since r is a positive quantity, the contour of eqn (24), as referred to Fig. 5 of [10], may be
closed only to the right of the imaginary axis. The pole UI (or (2) lies inside the contour only for
y (or x) positive, and the residue theorem may be applied to. the integral.~ shown. m..(21J. the
contributions resulting from the poles Ut and U2 may be evaluated by the techniques in [10] and
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[16]. Consequently, to indicate the features required for the three-dimensional case which are
different from those of [10] and [16], it will be assumed that both x and yare negative.

Exact inversion
By the branch cut selection, 71a(- ia, q) for a = 1, 2 is a purely imaginary quantity to

the right of (aa2+ q2)1/2 on the real axis of the a-plane, and is a real quantity on the
real axis between the branch points and also on the imaginary a-axis. Following [10. 16],
let t be a real parameter generating the Cagniard path defined by t =

(a12+ q2 - a 2)1/2 w1 + (a22+ q2 - a 2)1/2 w2 + ra. Since t is a real quantity, this implies that the
intercept of the path with the real a-axis is located between the origin and (a12+ q2)1/2; thus.
there is no branch cut contribution and the Cagniard contour V in Fig. 5 of [10] is the required
path. Equation (24) reduces to

j( )_ r foo d r gi(-ia,q, I)e-PI da
x,y,z,p -i(27r)2 -00 qJr5(ax-iqy-rglp)(ay+iqx-rglp)'

(26)

where f 5 is the Cagniard contour V of [10]. One now takes the limit as ggoes to zero. Recalling
that q is a real variable, one immediately concludes that there are no singularities for a along
the Cagniard path. The values of a along the Cagniard path are obtained by prescribing the real
quantities t and q and solving the equation

(27)

for a in terms of t, q, WI. W2, and r. The arguments presented in Appendix B of [16] are directly
applicable here, provided that the following substitutions be made in eqn (B 1): k = a, x = r,
al

2 = a12+ q2, al =al +q2, W= WI. Z = W2. Thus, one finds that on f 5 the inequality

holds. Also, the intercept of the Cagniard path with the real a-axis, denoted by ao, is the
solution of atlaa = 0; that is, by eqn (27),

(28)

(29)

implying that ao is a function of q2. The value of t at this point is obtained by substituting ao
into eqn (27) to ohtl'lin

where g is a certain function of l. The case when WI W2 is nonzero precludes the explicit
determination of the Cagniard path needed for the solution. However, it is of importance, for
the subsequent change of the order of integration, to note that the value t at the intercept is an
even function of q.

Denote by ac the root of eqn (27) in the first quadrant of the a-plane, and note that ac is a
function of q2. It is easy to show that a:, the complex conjugate of aC. is also on the Cagniard
path. Hence, the contribution from the first quadrant of the a-plane may be written as

i = r
2 fOO roo gi(- iuc, q, 1) auc -pI d dt

(x,y,Z,p) i(27r)2 -ooJ'in,(UeX-iqy)(ucy+iqx) at e q.
(30)

This double integral may be put into a more convenient form by interchanging the order of
integration, as shown in Fig. 6 of [10], with the substitutions in the Figure of g(O) and t = g(q2)
instead of aIR and t = R(a/ + q2)II2, obtain

2 fOO f+f\(I) 0;;(' I) a
I-( ) - r -pI dt OF - IUc. q, ac dx,y,z,p -~ e .. - q

1(27r) g(O) -ft(t) (ueX -lqy)(ucY + Iqx) at
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where fl(t) is the inverse function obtained by solving for q from t = g(q2). Since the limits of
the inside integral are ±!J(t), only the part of the integrand which is an even function of q will
contribute to the solution. Thus, it seems appropriate to define fg(Uc. q, t) as the part of the
integrand which is an even function of q, and then it follows from an application of Cagniard's
technique that

i(x, y, z, p) = i(;:)21~ H[t - g(O)] e-pl dt fill) n(Uc. q, t) dq

2r2 (fl(1)
I(x, y, z, t) = i(27T)2 H[t - g(O)] Jo fg(Uc. q, t) dq.

(31)

For definiteness, the evaluation of this equation will now be indicated for given values of r,
Wh W2, and t. First one sets q equal to zero in eqn (28) and solves for Uo. Using this value Uo

and setting q equal to zero in eqn (27), one finds tint = g(O). The finding of !J(t) is equivalent to
finding the saddle point which lies on the path of steepest descent f 5 (i.e. the Cagniard path is a
path of steepest descent). This requires solving simultaneously eqns (27) and (28) for q and Uo.

The solution q* is then the desired value of the upper limit in (31); that is, Ut) = q*. For the
integrand, q is also given such that 0:5 q :5 Ut), and U c is found from eqn (27). The evaluation
of fg(Uc. q, t) and of the whole eqn (31) follows from these arguments.

The contribution from the fourth quadrant of the u-plane may be obtained in a similar
manner by beginning with eqn (30) where the inner integral has the limits interchanged and Uc is
used instead of U c' Thus, eqns (22)-(31), and the accompanying discussion, illustrate the details
of the analysis required for the three-dimensional case which are different from those of Ref.
[10,16,22]. These details represent a generalization of the techniques employed in these
references.

Numerical results
To complement the preceding theoretical development, the response to a step time input will

now be determined. In this case, the boundary condition for T,z becomes

T,,(X, y, 0, t) = p,g(x, y, t) = -p,H(t)H(x)H(y).

The velocity for this input is obtained from the velocity VO resulting from the load given by eqn
(20). This velocity is given by

v(x, y, z, t) = f VO(x, y, z, T)H(t - T) dT.

For example, the contribution from the term given by eqn (31) will be

which reduces to

2r2 II lfl(7)
L(x, y, z, t) = -:--(2)2 H[t - g(O)) g (uc, q, T) dq dT. ~

I 7T K(O) 0

For computational convenience, in the numerical results of this problem, one introduces
dimensionless variables with Ct, Ctlh; and h as the rationalizing quantities. A computer program
was written for the velocity vector which encompassed all the mathematical difficulties which
arose in the problem. The actual integration was performed using a CDC-6600 computer. To
illustrate the results obtained, two plots for the point x = 0.82h, y = 0.41 h, and z = 0.8h will now
be presented for Poisson's ratio of 0.25. In both plots, the dimensionless time variable T = tcdh
and the dimensionless velocity V, = V,I CI are given. In Fig. 2. the =-velocity without reflections
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Fig. 2. V, for the elastic half-space.

2,0 2,2 2,4

(in an elastic half-space) is shown. In Fig. 3, the z-velocity with reflections (in an elastic thick
plate) is shown. In both figures, one sees the jump in the z-velocity at the first wave arrival. The
second wave is a release wave which reduces the z-velocity induced by the first wave. Another
jump in Fig. 3 occurs at the arrival of the fourth wave, which is a reflected plane wave. In each
case, the value of the jump is 1/3. For Fig. 3, the computation was performed up to a time larger
than the arrival of a wave for which both WI and W2 are non-zero. Hence, for longer times. one
merely needs to change the values of WI and W2 in the appropriate places, and the evaluation
will proceed with no further complications. Thus, the power and uses of the Ray-Grouping
technique have been demonstrated, and one can easily verify that all the required details for
evaluating the analytic solution involve no further difficulties than those already considered.
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Fig. 3. V, for the plate geometry.
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For the load selected, the analytical solution contains the solution to the problems posed in
Ref. [10] and [16]. The solution for the problem in Ref. [10] is obtained by neglecting the
reflected waves and numerical results for this case appear in Fig. 2. For the solution to the
problem in Ref. [16], with a suitable change in the coordinate labels, one can easily identify the
contributing terms from the analytical expressions. t For the numerical program, this may be
accomplished by selecting a large value for y. Thus, the program used for generating the
preceding two figures was evaluated at the point x = O.5h, Z = O.5h, and y = 200h. The resulting
time history did not agree with the results of [16]. but a careful analysis revealed a sign mistake
in the program used in [16]. While the present analytical work was in progress, D. L. Hicks et
aI., were developing Threedy, a three-dimensional wave propagation code which employs
operator splitting [23] and includes non-linear material laws. Using the notation of [16], Fig. 4
shows the velocity history computed from the analytical solution and compares it to the
numerical results generated by Hicks et al.t Recalling tha' one of the objectives of [16] was to
provide exact results for numerical code development, the agreement is quite good. Figure 4 is
presented here as a replacement for Fig. 4 in [16].

DISCUSSION

This paper considered the problem of an elastic thick plate to which an arbitrary dynamic
loading was applied on one of its bounding surfaces, while the other bounding surface was
assumed stress free. As was done in [16], the motion in the interior of the plate was found by
the application of one-sided and two-sided Laplace transrorms, and by the use of the Ray
Grouping technique. This technique required the solution of three canonical problems whose
solution was used to generate the solution to the plate problem. In addition, this technique
provides a physical interpretation of each term in the solution. By incorporating the use and
results of matrix theory, the Ray Grouping technique tremendously simplifies the calculations
required by the ray tracing method, so that (m +n)!/m!n! terms appearing in the ray tracing
method result in only one term in the Ray Grouping technique. The technique may be extended
to include different boundary conditions at the stress free surface of the plate, including
possible contact with a fluid and another elastic material. Hence, this technique is readily
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Fig. 4. V, for the two-dimensional case.

t As was done in eqn (47) of [10].
+This is preliminary to a more detailed comparison. to be published elsewhere. of Threedy and the analytical solution to

some two-dimensional codes.
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applicable to the case of an elastic layered medium. For the case of one layer over a half space,
the only change will be to replace boundary conditions (4b) with some suitable conditions at the
interface, such as continuity of stress and/or displacement across the interface.

To demonstrate the technique, the non-axially symmetric problem of a uniform normal load
suddenly applied on a quarter surface of the plate was considered. The details of the transform
inversion required for the plate problem, which are different from those of Refs. [10,16,22].
were carefully outlined. These details represent a generalization of the techniques employed in
these references. The superposition of the solution for a uniform load acting on a half-infinite
strip of finite width and on a finite rectangular region may be accomplished by the procedure
indicated in (10).

It is hoped that the present work will serve as a contribution to the theoretical studies of
elastic plates and layered elastic half-spaces. The techniques and results developed here are
quite general, and their extension to the layered case will be presented in the near future. Thus.
it is easily seen that the convergence established here, plus the details of the transform
inversion will be directly applicable to the layered case, so that these two items need not be
emphasized in the solution of the layered case.
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